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Introduction 



0.1. Quantum Langlands duality? The idea behind the paper is the quest for Langlands 
duality for quantum groups. Let us explain what we mean by this. 

Let G be a simple algebraic group over C. Recall that the geometric Satake equivalence 
realizes the Langlands dual group G, or rather the category of its representations, explicitly 
in terms of G as follows. We consider the afiine Grassmannian Grg = G((t)) / G[[t}] as an ind- 
scheme acted on (from the left) by G[[t}} and let D-mod(Grc) G ^ denote the corresponding 
category of D-modules. 

One endows D-mod(GrG) G ^ with a monoidal structure, and one shows that it has a natural 
commutativity constraint. It is a basic fact, conjectured by Drinfeld based on an earlier work 
of Lusztig, and proved in |Gij and |MVj . that that the resulting tensor category is equivalent 
to Rep(G)-the category of representations of G as an algebraic group. 

Now, Rep(G), considered as a braided monoidal category, admits a one-parameter family 
of deformations to the category Rep(J7 9 (G)), where by U q {G) we denote the quantum group 
attached to G (when q is a root of unity, we take Lusztig's quantum group with g-divided 
powers). It has always been very tempting to try to realize Rep([/ ? (G)) also via Gig, or 
some closely related geometric object, as a category of D-modules or perverse sheaves with a 
particular equivariance property. 

One has a natural candidate of how to involve the parameter q. Namely, let Gr^ be the 
canonical line bundle over G, i.e., Gr^ := G/G[[i]], where G is the Kac-Moody extension of 
the loop group G((t)). The passage from G to its quantum deformation should correspond 
to replacing D-modules (or perverse sheaves) on Gr^ by D-modules (or perverse sheaves) on 
Grg, which are monodromic along the fiber with monodromy q 2 , i.e., we will consider the 
corresponding category of twisted D-modules on Gr<3 which we will denote by 2)-mod c (Grc) 
with q = exp(iric). 

However, the first naive attempt, i.e., to consider the category 2)-mod c (Gr<3) G ^ leads to a 
wrong answer. E.g., when c is irrational (i.e.,, when q is not a root of unity) the latter category 
will have only one irreducible object, i.e., it cannot be a deformation of Rep(G). 

0.2. Whittaker category. A viable candidate for an appropriate category of twisted D- 
modules on Gig was suggested by Jacob Lurie in October 2006. To explain his idea, we 
will first replace the category S)-mod(GrG) G "'" by a different, but still equivalent, category, 
which, however, admits a natural quantum deformation. 

Namely, let N be a maximal unipotent subgroup of G, and consider the corresponding loop 
group N((t)). Let x '■ -W((*)) — > be a non-degenerate character, normalized to have conductor 
0. Let us consider the category of D-modulcs on Gr^-, equivariant with respect to N((t)) against 
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the character X- We shall refer to this category as that of Whittaker D-modules on Gr G , and 
denote it Whit(Gr G ), or simply Whit. 

The trouble is, however, that the orbits of the group N((t)) on Gr G are infinite-dimensional, 
and if one understands the .ZV((i))-equivariance condition naively, the category Whit(Gr G ) will 
be empty. There are two ways to overcome this difficulty: 

One way is to try to define Whit(Gr G ) as a triangulated category, and then extract a t- 
structure. This approach has not been worked out yet, but J. Luric and the author hope that 
this is feasible, and leads to a manageable theory. 

Another approach, which we opt for in the present paper, was developed in [FGVj and [Gaj . 
where one replaces Gr G with the group N((t)) acting on it, by a different geometric object, 
which is supposed to mimic its properties. This other object is the Drinfeld compactification, 
denoted in this paper by 2B, and it involves a choice of a projective curve X. In addition to 
being less natural, the category Whit(Gr G ), defined in this way, has the main disadvantage 
that its local nature (we think of the ring C[[i]] and the field C((t)) as associated to a formal 
disc of a point a; on a not necessarily complete curve X) is not obvious. 

We will explain the definition of Whit(Gr G ) via 2U in Sect. ll.2l and Sect. 12.51 For the purposes 
of the introduction we will pretend that the first approach mentioned above works, i.e., that 
we have a direct local definition of Whit(Gr G ) := D-mod(GTa) N ^' x - 

Having "defined" Whit(Gr G ), the main theorem of the paper [FGVj can be rephrased as 
follows: there exists an equivalence of abelian categories D-mod(Gr G ) G [[*]] ~ Whit(Gr G ). More- 
over, a naturally defined triangulated category, whose core is Whit(Gr G ), is semi-simple, i.e., 
we have an equivalence of abelian categories 

(0.1) Whit(Gr G ) ~ Rep(G), 

which extends to an equivalence of the corresponding triangulated categories. 
We emphasize that the latter statement regarding the original equivalence 

(0.2) D-mod(Gr G ) G [[*]] ~ Rep(G) 

would be false: the G[[i]]-equivariant derived category of D-modules on Gr G is not at all semi- 
simple. This can be viewed as another reason why (|0.2|) does not have a quantum deformation. 

0. 3. Lurie's category. Now we can explain Jacob Lurie's idea. By the same token as we 
"define" Whit(Gr G ), we can define its twisted version 

Whit c (Gr G ) := S-mod^Grc)^^'*. 

This makes sense since the Kac-Moody extension G canonically splits over N((t)). His conjecture 
can be stated as 

Conjecture 0.4. There exists an equivalence 

Whit c (Gr G ) ~ Rep(£/ 9 (G)), q = exp(-Kic). 

In this paper we will essentially prove this conjecture for q being not a root of unity. 

Let us note that the assertion of the above conjecture is inherently transcendental, due to 
the appearance of the exponential function relating the parameters on both sides. We will cure 
this as follows: 

When q is not a root of unity, i.e., when c is irrational, we will eventually replace the RHS, 

1. e., Rep(U q (G)), by another category, namely that of factorizable sheaves, denoted FS C (G), 
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which will also be equivalent to Rep(U q (G)) by a transcendental procedure. In the present 
paper we will establish an equivalence 

(0.3) Whit c (Gr G ) ~ FS C (G), 

which is algebraic; in particular, both sides and the equivalence between them are defined over 
an arbitrary ground field of characteristic 0. 

At present we do not know how to modify the definition of FS C (G) to obtain a category, 
equivalent to Hep(U q (G)) for all q. There is, however, another category with this property, 
see Sect. E3 

0.5. Chiral categories. Returning to the statement of Conjecture 10.41 we should explain 
what are the additional structures on both sides, which are supposed to be respected by the 
conjectural equivalence. (If for generic q we just kept the abelian category structure on both 
sides, the statement of the conjecture would not be very interesting, as both LHS and RHS are 
semi-simple categories with naturally identified sets of irreducible objects.) 

The RHS of the equivalence, i.e., Kep(U q (G)), is a braided monoidal category. The LHS is 
supposed to have another kind of structure, that we shall call "fusion" or "chiral" category. 
The notion of chiral category is a subject of another work in progress of Jacob Lurie and the 
author. 

Unfortunately, in the present global definition of Whit c (Grc), the chiral category structure 
on it is not evident; therefore we do not give a formal definition in the main body of the paper. 
Let us, nonetheless, indicate it here. 

Let X be a smooth curve (not necessarily complete). First, let us recall that a chiral algebra 
over X (see CHA , Sect. 3.4 for the detailed definition) is a rule that assigns to a natural 
number n a quasi-coherent sheaf A n over X n , with a certain factorization data. E.g., for n = 2, 
we must be given an isomorphism between A2\xxx-A(x) and Ai M Ai\xxX-A(x)-> and an 
isomorphism A2\a(x) — -^l- We must be given a compatible family of such isomorphisms for 
any partition n — n\ + ... + rife. Each A n must be endowed with an equivariant structure 
with respect to the symmetric group S n , and the factorization isomorphisms must respect this 
structure. Finally, the collection A n must be endowed with a unit, which is a map from the 
collection given by A ur ^ it := 0x n to A n . 

The definition of a chiral category is similar. A chiral category consists of a data of categories 
C„ ouer0 X n defined for each n, endowed with a compatible family of equivalences such as 

&2\xxx-A(x) — Gi El Qi\xxx-A(x) and C 2 |a(x) — Ci, 

etc, and a family of unit objects 1„ G 6 n . 

For a given chiral category and a point x € X we shall denote by the fiber of Ci at x. In 
most cases of interest, C x will depend on the formal disc around a; in A in a functorial way. So, 
one can view the notion of chiral category as that of a category C (thought of as C x ) endowed 
with an additional structure. 

Once the local definition of Whit c (Grc) becomes available, the factorization structure of the 
affine Grassmannian (see |MV| . Sect. 5) would imply that Whit c (Grc) is a chiral category. With 



*A candidate for a such a modification of FS C (G) has been found when this paper was under revision in 
December 2007. 

2 The notion of abelian category over a scheme or stack can be found in [Gal^. However, for a reasonable 
definition of chiral categories, one needs to work at the triangulated level. We refer the reader to |Lu| or IFG| . 
where the corresponding notions have been developed. 
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the current non-local definition, we will consider the corresponding categories Whit c (Grc)n 
separately, without discussing their factorization properties. 

Assume for a moment that our ground field is C, the curve X is A 1 , and C is a braided 
monoidal category. In this case one expects to have a transcendental procedure that endows C 
with a structure of chiral category. 

Thus, the equivalence of Conjecture 10.41 should be understood as an equivalence of chiral 
categories, where the chiral structure on the RHS is transcendental and comes from the braided 
monoidal structure. 

0.6. Factorizable sheaves. Let us return to the category FS C (G), mentioned before. This 
category was introduced in a series of works of M. Finkelberg and V. Schechtman in order 
to upgrade to the level of an equivalence of categories earlier constructions of various objects 
related to U q (G) as cohomology of certain sheaves on configuration spaces. 

By its very construction, FS C (G) is a chiral category. In the present paper we introduce the 
corresponding categories FS C (G)„ explicitly, but we do not discuss their factorization properties, 
although the latter are, in a certain sense, evident. 

The main result of |BFS| can be interpreted as follows: we have an equivalence of chiral 
categories 

(0.4) FS C (G) ~ Rep(u g (G)), q = exp(mc). 

Here u q {G) is the small quantum group, corresponding to G, which coincides with the big 
quantum group U q {G) 1 when q is not a root of unity, but is substantially different when it 
is. (The latter fact is responsible for our inability to pass from the category Whit c (GrG) to 
Rep(C/ 9 (G)) for all q.) 

In (10. 4| the RHS acquires a chiral category structure from the monoidal category structure 
via the procedure mentioned in Sect. 10.51 

The main result of the present paper, Theorem l3.111 is that we have an equivalence for c ^ Q: 

Whit c (Gr G )„ ~ FS C (G)„ 

for every n. This should be interpreted as an equivalence of chiral categories 

(0.5) Whit c (Gr G ) ~ FS C (G), 

thereby proving Conjecture 10.41 for irrational c. 

0.7. Kazhdan-Lusztig equivalence. Let us now mention another equivalence of categories, 
namely that of |KL) . For a simple group G\ and an invariant form k\ : jji (8 Qi — > C consider 
the category of representations of the corresponding affine Kac-Moody algebra gi, denoted 
0i-mod Kl . Let us denote by KL M (Gi) the subcategory of 0i-mod Kl , consisting of representa- 
tions, on which the action of the Lie subalgebra gi [[t]] C fli integrates to an action of the group 
Gi[[t}]. 

Let us write K\ = Cl 2 f l hl • ^KUigt): where h\ is the dual Coxeter number of gi and KU(qi) is 

the Killing form. Let as assume that c\ ^ Q-°. 

In |KL] it was shown that KL Kl (Gi) can be endowed with a structure of braided monoidal 
category, and us such it is equivalent to the category Rep([/ g (Gi)), where q and K\ are related 

^We should note that our definition of the category FS C (G) differs from the original one in IBFSI in that 
we work with twisted D-modules on configuration spaces rather than with ordinary D-modules. This allows to 
introduce this category over an arbitrary curve, whereas in IBFSI one was restricted to genus 0. 
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by the following formula q — exp(-^j^) for c\ as above, and where d\ is the ratio of the squares 
of lengths of the shortest and longest roots in {ji. 

This result is also natural to view in the language of chiral categories. Namely, both gi-mod Kl 
and KL K1 (Gi) are naturally chiral categories. We expect that the monoidal structure on 
KL K1 (jji), defined in [KLj . comes from a chiral category structure by the procedure mentioned 
in Sect. 10.51 Thus, the equivalence of [KLj 

(0.6) KL Kl (Gi) ~ Rep(C/ g (Gi)) 

should be understood in the same framework as (|0.4j) and Conjecture 10.41 it is an equivalence 
of chiral categories, where the corresponding structure on the RHS comes from the braided 
monoidal structure. 

Note that we can combine (|0.4[) and (|0.6p . bypassing the quantum group altogether. We 
propose: 

Conjecture 0.8. For c\ ^ Q we have an equivalence of chiral categories 

KL Kl (Gi) -FS^T(Gi). 

This equivalence is algebraic, i.e., exists over an arbitrary ground field of characteristic 0. 

Let us note that neither of (|0.4[) , (|0.6p or Conjecture 10.81 involves Langlands duality. In fact, 
it appears that Conjecture 10.81 is not so far-fetched, and is currently the subject of a work in 
progress. 

0.9. Combining the equivalences. Let us now combine the discussion in Sect. 10.71 with 
Coniecture l0.41 As will be explained in Sect. 12. ll] it is more natural to replace the parameter c in 
the definition of Whit c (Grc) by an invariant form n : g®0 — > C, related to c by k = £ ^-kku( 5 )- 

Let k and k be invariant forms on g and g, respectively, related as follows: the forms 
Bfj KKtt(8)\t> an d := k + i • Kk«(b)I§ are non-degenerate and satisfy 

This makes sense, since the Cartan subalgebras f) C 9 and f) C g are mutually dual vector 
spaces. Assume, in addition, that the corresponding scalar c is not in Q-°. (Note that the 
scalars c and c are related by c = — j.) 

Combining Conjecture 10.81 and (|0.5p we propose: 

Conjecture 0.10. There exists an equivalence of chiral categories 

Whit c (Grc) ~ KL ft (G). 

Note that unlike (|0.5[) and Conjecture lO.81 the above Conjecture l0.5l is supposed to hold even 
for rational (but non-negative) values of c. 

0.11. Relation to quantum geometric Langlands correspondence. We are now going 
to put the assertion of Conjecture 10.101 into the framework of quantum geometric Langlands 
correspondence, as was proposed by B. Feigin, E. Frenkel and A. Stoyanovsky (see [Stoj ). 
motivated by an earlier work of Feigin and Frenkel on the duality of W-algebras. 

Let k and k be as above. For a global curve X, consider the stacks Bung and Bung of 
principal bundles on X with respect to G and G, respectively, along with the corresponding 
derived categories of twisted D-modules: _D(J)-mod c (BunG)) and D(S)-mod c (BunG)). In loc. 
cit. the following equivalence was proposed: 
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Conjecture 0.12. 

D(D -mod,- c (Bun G )) ~ D(£) -mod 6 (Bun 6 )) 

It is supposed to degenerate to the "usual" geometric Langlands equivalence 
L>(£-mod(Bun G )) ~ D(QCoh(LocSys 6 )) 
as c — > and therefore c — > oo. 

We would like to propose yet one more conjecture expressing the compatibility between 
Conjecture 10.101 and Conjecture 10.121 Let us fix points Xi,...,x n on the curve. We have the 
categories Whit c (G) Xi and KL K (G) Xi attached to each of these points. 

We claim that there exists a natural functor 

Poinc : Whit c (G) xl x ... x Whit c (G) Xn -> £>(S-mod- c (Bun G )). 

This is a geometric analog of the Poincare series operator in the theory of automorphic functions; 
Q i.e., the adjoint operator to that associating to an automorphic function its Whittaker model. 
When we interpret the categories Whit c (G) Xi by the second method adopted in this paper (see 
Sect. I0.2[) . the functor Poinc corresponds to the direct image by means of the morphism of 
stacks W — > Bun G . 

In addition, there exists a naturally defined functor 

Loc : KL*(G) Xl x ... x KL*(G) Xn -> L>(S-mod £ (Bun G )). 

Namely, given objects Vi G KL K (G) Xj , the fiber of Loc(Vi, V n ) at a G-bundle is given by 

H.(fj t ,Vx®...®V n ), 

where g G „ t is the Lie algebra of sections of the associated bundle with the adjoint representation 
over the punctured curve X — {x\, ...,x n }. 

We propose: 
Conjecture 0.13. The diagram of functors 

Whit C (G) Xl X ... X Whit C (G) K „ Conjectured^ RL*^*, X ... X KL^G)^ 



D(JD -mod- ^(Bun G )) Conjecture EZ^ D (D -mod £ (BuIIq)) 



commutes. 
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1. Overview 

In this section we shall explain the technical contents of this paper, section by section. 

1.1. Conventions. Throughout the paper we work over an arbitrary algebraically closed 
ground field of characteristic zero; X will be a smooth projective curve. We denote by u> the 
canonical line bundle on X. 

In the main body of the paper G will be a reductive group with [G, G] simply connected. 
We choose a Borel subgroup B C G, its opposite B~ C G and identify the Cartan quotient 
T := B/N with B n B~ . 

By A we will denote the coweight lattice, and by A its dual-the weight lattice; by (, ) we will 
denote the canonical pairing between the two. By A + (resp., A + ) we will denote the semi-group 
of dominant coweights (resp., weights). By A (resp., A+) we shall denote the set if roots (resp., 
positive roots); by 3 we shall denote the set of vertices of the Dynkin diagram; for i 6 3 we let 
a t (resp., & t ) denote the corresponding simple root (resp., coroot). By A pos (resp., A pos ) we 
shall denote the positive span of simple co-roots (resp., roots). For Ai, A 2 S A we shall say that 
Ai > A 2 if Ai - A 2 e X pos . 

We choose once and for all a square root of the canonical bundle u>. For a half-integer i, 
by ijj 1 we will mean (cj5)® 2 \ We let u) p denote the T-bundle induced by means of 2/5 : G m — » T 
from u> 2 . 

For an ind-scheme (or strict ind-stack) by a D-module on it we shall mean a D-module 
supported on some closed subscheme (or substack). 

1.2. Sect. [2j This section is devoted to the surrogate definition of the Whittaker category 
Whit c using a complete curve X. The idea is the following. 

Let us think of the field C((t)) (resp., the ring C[[i\] ) as the local field (ring) of a point x £ X. 
Let N out be the group-subscheme of N((t)) consisting of maps (X—x) — > N. By construction, the 
character \ '■ N((t)) — > G a is trivial when restricted to N out , so whatever (N((t)), x)-equivariant 
D-modules are, they should give rise to D-modules on the quotient N out \GrG- 

Although N out \GiG makes sense as a functor on the category of schemes, it is not a kind of 
algebraic stack, on which one can define D-modules directly. However, one can cure this pretty 
easily, by embedding it into another object, denoted in this paper by %B X , the latter being a 
strict ind-stack and D-modules on it make sense. 

Explicitly, N out \GrQ classifies the data of a principal G-bundle $c over X, endowed with 
a reduction to N over X — x. The stack W x replaces the word "reduction" by "generalized 
reduction" or "Drinfeld structure". The stacks classifying these generalized reductions are 
known as Drinfeld's compactifications; they are studied in detail, e.g., in [FFKM] or |BG| . 

Our surrogate Whittaker category Whit x is introduced as a category of D-modules on W x 
that satisfy a certain equivariance condition, which is supposed to restore the (iV((t)),x)- 
equivariance on N out \GrG- Moreover, this equivariance condition forces objects of Whit K to 
have zero stalks and co-stalks away from N out \GrG- So, our Whit^ is the "right" replacement 
for J)-mod(GrG) Jv ^*^' x , the only disadvantage being that the geometric object, on which it is 
realized, i.e., A^ out \GrG, depends on the choice of the global curve X. 

The above definition generalizes in a straightforward way to the case when instead of one 
point x we have an n-tuple x of points x±, X n . We obtain a category Whit^. One can prove, 
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but in a somewhat ad hoc way, that the category Whit^ is equivalent to the tensor product 
Whitx! ® Whit Xn . The non-triviality of the latter comparison is the expression of the 
non-locality of our definition of Whit^ . 

In the main body of the paper we allow the n-tuple x vary along X n ; and we will consider 
the appropriate category of D-modules, denoted Whit„. Q 

The twisted version Whit° (resp., Whit§-, Whitjj) is defined as follows. By construction, the 
stack W x (resp., W x , 2U„) is endowed with a forgetful map to the moduli stack of principal G- 
bundles over X, denoted Bung. Instead of ordinary D-modules over W x we consider D-modules, 
twisted by means of the — c-th power of the pull-back of the determinant line bundle over Bung. 
(In the main body of the paper our conventions differ from those in the introduction, in that 
for G simple the twisting parameter c is scaled by 2ft, i.e., we use as a basic pairing q ® q —> C 
the Killing form vs. the minimal integral form.) 

The equivariance condition that singles the Whittaker category among all twisted D-modules 
on W x makes sense, just as it did in the untwisted case. 

1.3. Sect.[3j In this section we review the category of factorizable sheaves, introduced in [BFS . 

Let us fix an n-tuple of points x on our curve X. For a coweight ft, let X^ denote the space 
of A-valued divisors on X of total degree ft, which are required to be anti-effective away from 

supp(x). I.e., a point of X^ is an expression E fa ■ yu, where y k G X are pairwise distinct and 

k 

E fa = ft, and such that for yu ^ Xi, the corresponding coweight fa belongs to — A pos , i.e., is 
in the span of simple coroots with coefficients in Z-°. 

One introduces a line bundle f x p_ over X£, which has a local nature, i.e., the fiber of 7 Va 

at a point Ylfa • y k as above is the tensor product of lines (ujy k )^ N ^' lk \ where ujy k denotes the 

fiber of lu^ at y k , and N(fa) = (fit,, fa +^p)ku- 

By definition, a factorizable sheaf consists of a data of a twisted D-module defined for 
each ft, where the twisting is by the c-th power of f x ij_- The twisted D-modules L* 1 for different 
ft are related by factorization isomorphisms. To explain what these are it would be easier to 
pass to the analytic topology. Thus, let 1 U and 2 U be two non-intersecting open subsets of X, 
such that x C 1 U; let ft = ft\ + fa. 

We can consider the open subset 

It admits a natural etale map to X£. We require that the pull-back of by means of this 
map decomposes as a product of L^ 1 along the first factor, times a standard twisted D-modulc, 
denoted 1 , along the first factor. 

Thus, the "behavior" of each L* 1 near a point E fa ■ yj~ is the tensor product over fa of the 

k 

"behaviors" of £' ifc near fa ■ y k S X^ k , and the latter is pre-determined, unless y k coincides 
with one of the a;,'s. 

In this way one obtains a category that we denote by FS^. One singles out the desired 
subcategory FS^ C FS^ by imposing a condition on the singular support. 



^Deviating slightly from the notation pertaining of chiral categories introduced in Sect. 10.51 our Whit n will 
not be a category over X n , but rather the category consisting of objects in the corresponding chiral category, 
endowed with a connection along X n . 
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In (BFSj it is shown that the category FS§- of factorizable sheaves (when x = {x}) is equivalent 
to that of representations of the small quantum group u q (G), where the lattice A, being the set 
of coweights of G, plays the role of the weight lattice for G. 

1.4. Sect. [4j In this section we show how to construct a functor from Whit^- to FSJ, i.e., how 
to pass from twisted D-modules on stacks 2U^ to twisted D-modules on configurations spaces 
Xg, //•: A. 

The idea goes back to the construction of the Satake homomorphism from the spherical 
Hecke algebra to the algebra of functions on the Cartan subgroup of G, and whose geometric 
analog was used in [MVj to construct the fiber functor in the usual case of D-mod(GTG) G ^ ■ 
Namely, the A-weight space is recovered as cohomology of the orbit of the group iV((i)) (or 
N~((t)), as the two are G[[i]]-conjugate) passing through the point t x G Gig- 

We would like to do the same for Whit c = S-mod c (Grc;) Ar ^ t ^' x , namely take cohomology 
along the orbits of N~((t)). The latter makes sense (at least non-canonically), as the line bundle 
Vgtg trivializes over N~ ((i))-orbits. 

However, in our context, for each A we want to obtain not just one vector space, but a twisted 
D-module over X* , with the factorization property. The idea is to repeat the above procedure 
of taking cohomology along N~ ((i))-orbits in the family parameterized by X£. Such families 
for all A are provided by Zastava spaces, and they are well-adapted for our definition of Whit c . 

Zastava spaces were introduced in [FFKMj . By definition, a point of the Zastava space Z£ is 
a point of 2U^, i.e., a G-bundle, endowed with a generalized reduction to N away from supp(x), 
and additionally, with a reduction to B~ of degree fi (up to a shift by (2g — 2) • p), defined 
everywhere, which at the generic point of X is transversal to the given reduction to N. The 
measure of global non-transversality of the two reductions is given by a point of X£, i.e., we 
have a map ir : Z£ — > X£. 

It is a basic observation of [FFKMj (see also [BFGMj ) that the space Z£ factorizes over X^. 
Namely, for a point fik-yk G X£ h , the fiber of ir over it is a product II Zf* c yk , where each Zf k c yk 

is a subscheme of the affine Grassmannian Gr<5 = G((t))/G[[i]] (here t is a local parameter at 
yk) that depends only on fi^. 

Another crucial observation is that the line bundle on ZJ£, equal to the pull-back (from SU^ of 
the pull back) of the determinant line bundle on Bung , is canonically the same as the pull-back 
by means of 7r of the line bundle 7 X £_ over X£. Therefore, we have a direct image functor 
between the corresponding categories of twisted D-modules. 

This allows us to construct the desired functor G : Whit^ — > FS^. Namely, starting from 
J G Whit^, we let the /i-component L* 1 of G(3 r ) to be the direct image under ir of the pull- 
back of 5" from Wx to Z^. In order to show that 5" i— > defined in this way is indeed a 
(reasonable) functor WhitJ — > FS^ we need to check several things. 

First, in Proposition 14. 131 we establish a factorization property of twisted D-modules on Z£ 
obtained by pull-back from twisted D-modules on 2U^ that belong to WhitJ. For an object 
J G Whit^, its restriction to the fiber of it over a point of X£, identified by the above with a 
product n Zf k , decomposes as an external product M ff k 

1 k loc,y k i r k loc 'yk 

This insures, among the rest, that although the forgetful map Z£ — > is not in general 
smooth, the pull-back functor applied to twisted D-modules that belong to Whit c does not 
produce higher or lower cohomologies. 



10 



D. GAITSGORY 



The next step consists of analyzing the direct image with respect to the morphism n : Z£ — > 
X£. Proposition 14 . 1 Ol insures that this operation does not produce higher or lower cohomology 
cither. Moreover, Theorem 14.111 states that when c ^ Q, the direct image coincides with the 
direct image with compact supports. 

Finally, we need to establish that the system {-C 1 } satisfies the required factorization prop- 
erty. The fact that it satisfies some factorization property (i.e., one, where the standard twisted 
D-module £g is replaced by a certain '£g) is an immediate corollary of Proposition 14. 13i men- 
tioned above. The fact that 'L^ ~ is one of the main technical points of the present paper 
and is the content of Theorem 14.161 

1.5. Sections [5] and [6J These two sections are devoted to the proofs of Proposition 14. 101 and 
Theorem 14.161 

The proof of Proposition 14.101 has two ingredients. One is the estimate on the dimension of 
the fibers of the map 7r : 2^t — * Xi^, which amounts to estimating the dimensions of the schemes 
Z^ c . The second step consists of showing that the lowest degree cohomology in 

(i-i) mL^)L) 

vanishes, where 3^ is the "basic" object of Whit. This amounts to a calculation that follows 
from [F(TV] . Proposition 7.1.7 coupled with [BFGMj . Prop. 6.4. 

Theorem l4.16l is concerned with the direct image under it of the pull-back of the basic object 
3"0 to (we denote the resulting twisted D-module on by We have to identify it 

with the standard twisted D-module £g . 

Part (1) of the theorem asserts that this identification exists away from the diagonal divisor 
on Xq . This amounts to identifying the cohomology H(G m ,x ® *(c)) with C, where x is the 
Artin-Schreier D-module on G a , and ^(c) is the Kummer D-module on G m , corresponding to 
the scalar c. 

Part (2) of the theorem asserts that 'L^ is the Goresky-MacPherson extension of its restric- 
tion to the complement of the diagonal divisor. This is true only under the assumption that c 
is irrational. The latter amounts to two things: one is the essential self-duality of 'L^, which 
follows from Theorem l4.111 the other is the assertion that for jj,, not equal to the negative of one 
of the simple co-roots, the cohomology (|1.1[) vanishes also in the sub-minimal degree, allowed 
by dimension considerations. This is done by a direct analysis. 

1.6. Sect. \7\ In this section we prove Theorem l4.111 which states that the functor G : Whit^ — > 
FS^j essentially commutes with Verdier duality. More precisely, we prove that for a twisted D- 
module on obtained as a pull-back of an object 3* € Whit^j C T)-mod c (W n ), its direct image 
onto X% under tt equals the direct image with compact supports. 

To prove this fact we introduce a compactification Bun^- of the stack Bun^_ along the 
fibers of the projection Bun^_ — > Bung, by allowing the reduction of a G-bundle to B~ to 
degenerate to a Drinfeld structure. 

Whereas Zjj was an open sub-stack of the fiber product 2U„ x Bun^_ , we define to 

Bung 

be the corresponding open sub-stack of 2tJ„ x Bun^- . The map tt : ZjJ — » X£ extends to a 

Bunc 

map 7f : Z^ — > X%. The main observation is that the map 7f is proper. 

Let j~ denote the open embedding Bun^_ Bun^_, and denote by 'j~ the base-changed 
map 2^ Z^. Theorem 14. Ill is an easy corollary of another result, Theorem 17.31 that states 
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that for J e Whitjj, its pull-back to Z# is clean with respect to 'j , i.e., the direct image 'j* 
equals 'jj - . 

We deduce Theorem 17.31 from Theorem 17.61 that states the " constant" twisted D-module 
on Bun^_ is clean with respect to Bun^- . The latter theorem is proved by a word-for-word 

repetition of the calculation of the intersection cohomology sheaf on Bun^-, performed in 
[BFGMj . 

1.7. Sect. [8j In this section we finish the proof of the fact that the functor G : Whit° — > FS^j 
is an equivalence. 

We first show that the functor G induces an equivalence for a fixed set of pole points x — 

X\ ) Xji . 

(1.2) Whi<£-FS|. 

This essentially reduces to the fact that the category Whiter is semi-simple for c irrational. 

The final step is to show that the equivalences (|1.2|) glue together as x moves along X n . The 
essential ingredient here is Theorem 14.111 that asserts that the functor G is essentially Verdier 
self-dual. 



2. The twisted Whittaker category 

2.1. For n G Z-° we consider the n-th power of X , and the corresponding version of the Drin- 
feld compactification, denoted 233„ over X n . By definition, 2U n is the ind-stack that classifies 
the following data: 

• An n-tuple of points x±, ...,x n of X. 

• A G-bundle on X (For a dominant weight A we shall denote by the vector 
bundle associated with the corresponding highest weight representation.) 

• For each dominant weight A a non-zero map 

which is allowed to have poles at xt, ...,x n . The maps k x are required to satisfy the 
Phickcr relations (sec BG , Sect. 1.2.1). 

Let p denote the natural forgetful map 2U„ — * Bung- When n = we shall use the notation 
2330, or sometimes simply 233. 

2.2. Let Triune ^ e * ne determinant line bundle on Bunc. We normalize it so that the fiber 
over Sg G Bung is 

/ X®- 1 / x -dim(t) 

detRr(X, SsG )<E) (g)deti?r^,o;< a ^J (g) ( det RT (X, 0) J 

where t is the Cartan subalgebra of G. (The second and third factors are lines that do not 
depend on the point of Bun^; the reason for introducing them will become clear later.) 

Let f<m n denote the inverse of the pull-back of Triune to 233„ by means of p. For a scalar 
we shall denote by S)-mod c (2U n ) the category of " (3 5 2iJ„) (Slc " -twisted D-modules on 233„. When 
c = (or, more generally, when c is an integer) this category is canonically equivalent to 
£>-mod(233„). 
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2.3. We are now going to introduce a full subcategory of £> c -mod(2U n ), denoted Whit° . When 
c = 0, this is the Whittaker category of [FGVj ; for an arbitrary c the definition is not much 
different. As the definition follows closely [FGVj . Sect. 6.2 and [Gaj . Sect. 4 we shall omit 
most of the proofs and the refer the reader to loc. cit.. 

Fix a point y 6 X let IS™ 8 (resp., CB™ cr ) be the group (resp., group ind-scheme) of automor- 
phisms of the S-bundle induced by means of T — > B from ui~ p over the formal disc D y (resp., 
formal punctured disc D y ) around y. This group is non-canonically isomorphic to B(O y ) (resp., 
B{%yj), where O y (resp., X y ) is the completed local ring (resp., field) at y. 

Let W y °s c B^ 8 (resp., N™ or C £™ cr ) be the kernel of the natural homomorphism B r y C8 -> 
T(O y ) (resp., 2£ lcr -> T(X y )). Note that 

^ c 7K icr ^; cr i * x ... x „i DyX , 

r times 

where r is the semi-simple rank of G. Taking the residue along each component we obtain a 
canonical homomorphism \y '■ N™ cr — > G a . 

Fix a non-empty collection of distinct points y :— yi,...,y m , and set Ni eg (resp., N|? cr ) to 
be the product of the corresponding groups N^ es (resp., N™ cr ). We shall denote by \y t ne 
corresponding homomorphism NH 101 ' — > Q a , 

Consider an open substack (2Un) goo d a t y °f corresponding to the condition that the 
points Xi , x n stay away from y , and the maps k x are injective on the fibers over yj, j = 1 , . . . , m 
(this is equivalent to asking that n x be an injective bundle map on a neighborhood of these 
points). 

Note that a point of this substack defines a B-bundle over each D yj , such that the induced 
T-bundle is uj^\ r D y .- We define a Ni cg -torsor over (2Un) goo d a t y that classifies the data as above 

T 

plus an additional choice of identification (3 y . of this i?-bundle with B x lo p \d v ., which is 
compatible with the existing identification of the corresponding T-bundles. 

Let us denote the resulting stack by y W n . The standard re-gluing construction equips y W n 
with an action of the group ind-scheme NE 101, (see [FGVj . Sect. 3.2 or [Gaj . Sect. 4.3). 

Let JLgri,, be the pull-back of the line bundle fw n to y W n . 

Lemma 2.4. The action of NS er on y W n naturally lifts to an action on "P^-Wr, ■ 

Proof. For a point 

{(H, ...,x„),S G , K \/3,} G v W n and {n, e N- CT }, 

let {(xx, x n ), ^'q, k' a , f3j} be the corresponding new point of y W n - We have to show that the 
lines 

(5'Bun G ) 5G and (PBuno)^ 

are canonically isomorphic. 

However, the ratio of these two lines is canonically isomorphic to the product over j = 1, m 
of relative determinants of the G-bundles 5g|d h . and 3g|d„. ; which by definition are identified 
over the corresponding punctured discs D*. . Both these bundles are equipped with reductions 
to B that coincide over "D y . and such that the induced isomorphism of T-bundles is regular 
over the non-punctured disc. This establishes the required isomorphism between the lines. □ 
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2.5. We define (Whit^) good at ^ to be the full subcategory of £>-mod c u2tT n ) good at ^ consist- 
ing of D-modulcs on y2U„ that are (NH lcr , x^-equivariant (see |FG V| . Sect. 6.2.6 or [Ga] , 
Sect. 4.7). 

Note that the N^ cg -equivariance condition canonically descends any such D-modulc from 
yW n to (2H„) goodat17 . 

Let now y' and y" be two collections of points, and set y = y' Uy" . Note that 

(23n) g ood at y' ^ (^™)good at y" ~ (^™)good at y ' 

In particular, we can consider the corresponding groups 3Mp s , Np s and N^ eg and torsors with 
respect to them over (2Dri) g0 od at y- Let us consider the corresponding three subcategories of 

D-mod c ((2Un) good at y^j . As in |Gaj . Corollary 4.14 one shows that, as long as y' and y" are 
non-empty, the above three subcategories coincide. 

This shows that we have a well-defined full-subcategory Whit^j C £> c -mod(2U„): an ob- 
ject 5F belongs to Whit^ if for any y as above, its restriction to any (2Un) goo d at y belongs to 
(Whit^) good at _. 

2.6. Let us fix points x := x%, ., , x n and denote by 2U— the fiber over the corresponding point 
of X n . With no restriction of generality we can assume that all the points xi arc distinct. Let 
Whit§- denote the corresponding category of twisted D-modules on 20^. 

The same analysis as in [FGV], Lemma 6.2.4 or [Gaj . Prop. 4.14, shows that every object of 
Whit§- is holonomic, and one obtains the following explicit description of the irreducibles (and 
some other standard objects) in this category. 

Let A = Ai, A„ be an n-tuple of dominant coweights of G. Let 2U_j be a locally closed 

substack of 2U^ consisting of points {Bo, kA }> where each n x has a pole of order (A, A^) at Xi 
and no zeroes anywhere else. Let j_ -f denote the corresponding locally closed embedding; by 
[FGV], Prop. 3.3.1, this map is affine. 

Proceeding as above, for every such A, one can introduce the category Whitf. ~-. The following 
is shown as [FGVj . Lemma 6.2.4 or Gaj, Prop. 4.13: 

Lemma 2.7. The category WhhVlj is (non- canonically) equivalent to that of vector spaces. 

Let S_ j denote the unique irreducible object of the above category (it is a priori defined up 
to a non-canonical scalar automorphism). Let 3Lt. (resp., 3Lt ,?_-.) denote its extension 

1 x,\,\ v a:, A,* 2, A,!* 7 

by means of j_j , (resp., J_t „i J^J^) 011 tne entire 2U-. All of the above objects are D-modules 
since the map j_ j is affine (see [FGV] . Prop. 3.3.1 or [BFG| . Theorem 11.6 for an alternative 

proof). As in FGV], Prop. 6.2.1 or [Gaj . Lemma 4.11, one shows that all three are objects of 
Whit|. 

Lemma 2.8. 

(a) Every irreducible in Whit§- is of the form 2r_ j- ^ for some A. 

(b) The cones of the canonical maps 

v 7 a;. A,! x,A,I* a:, A.* 



"The role of the Artin-Schreier sheaf in the world of D-modules in plaid by the exponential D-module exp 
on G a . We recall that the D-module exp on G a is generated by one section "e z " that satisfies the relation 



where 2 is a coordinate on 
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are extensions of objects 5_t, , for A' < A. 

J J x,\',\* J 

It is a basic fact (which is the main theorem of [FGVj ) that for c = the canonical maps in 
(|2.ip are isomorphisms. This will no longer be true for an arbitrary c, but as we shall show, it 
will still be true for c ^ Q. 

2.9. Let us describe more explicitly the basic object of the category Whitg, which we shall 
denote by 3^. Consider the open substack W$ C W$. From the definition of the line bundle 
J'buiig we obtain: 

Lemma 2.10. The restriction ofTwn to SZOg^ admits a canonical trivialization. 
Thus, the category Whitg is the same as Whit0 . 

In addition, the sum of residues gives rise to a map 2U0 iO — > G a . We define as the object 
of Whit0 O , corresponding to the pull-back of the D- module exp from G a to 2U0 :O under this 
morphism. 

Since there are no dominant weights < 0, from Lemma l2.8f b) we obtain: 

J0,o, 1(^0,0) — — 
We set 1® to be the above object of Whitg. 

2.11. The parameter "c". Note that when the adjoint group, corresponding to G, is semi- 
simple (and not simple), the line bundle TBun G is naturally a product of lines bundles corre- 
sponding to the simple factors of G a d- Therefore, when defining the categories Whit^j, instead 
of one scalar c one can work with a fc-tuple of scalars, where k is the number of simple factors. 

More invariantly, from now on we shall understand c as an ad-invariant symmetric bilinear 
form Q a( [ ® Q ae i —¥ C, or equivalently, a Weyl group invariant symmetric bilinear form (,) c : 
Ac ad ® A Gad -» C. 

We will say that c is "integral" if the latter form takes integral values. In this case it is 
known that "(J'Bun G )' 8lc " is defined as a line bundle. Hence, the categories Whit^j and Whit^ 
with c" — d integral are equivalent. 

We will say that c is non-integral if (pt % , a t ) c £ Z for any 1 E 3. Note, that unless G is simple, 
not "integral" is not the same as " non- integral" . 

We shall say that c is irrational if the restriction of c to each of the simple factors is an 
irrational multiple of the Killing form. Equivalently, this means that (a l ,Q;j) c ^ Q for any 
1 € 0. 

3. The FS category 
From now on in the paper we will assume that c is non-integral. 

3.1. For n £ and fi e A we introduce the ind-scheme X%, fibered over X n to classify 
pairs {(xi, ...,£„) € X n ,D}, where D is a A-valued divisor on X of total degree fi with the 
condition that for every dominant weight A, the Z-valued divisor (A, D) is anti-effective away 
from x\, x n . 

When n = 0, we shall use the notation X£, or sometimes simply X^ 1 . For this scheme to be 
non-empty we need that jl £ —A pos . If fi = — Stoj • & t , we have 

(3.1) A e A = nA< ra '). 
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We can represent X% explicitly as a union of schemes as follows. Fix an n-tuple A = Ai, A n 
of elements of A. We define a closed subscheme A M ,. C X% by the condition that the divisor 

n,<A 

D' :=D— S Ai -Xi is such that (A, D') is anti-effective. By adding the divisor X Aj-Xj, 

i=l,...,n i— l,...,n 

we identify the scheme X^ - with AT,? _Al ~'"~ A ". 

J n,<\ 

For another n- tuple A = A^, A' with A' > Aj we have a natural closed embedding X^ ^ 

n,<A 

A M _, . It is clear that 

n,<A 

X% = limX il _ 

I 

3.2. We are now going to introduce a certain canonical line bundle CP x a over X£. Consider 

the stack Buiit — Pic(X) ® A. On it we consider the following line bundle 5Bun r : its fiber at 

z 

3V G Buny is the line 

( §§det RT(X,a{$ T ))\ <8 f ® det iff (x.w^)^ 
Consider the Abel-Jacobi map 

A J : X%-> Bun T 

that sends a point {(xi, ■■■,x n ) G X n ,D} to the T-bundle u>p(—D). We set 

The main property of the line bundle 7 ' x p. is that it has a local nature in X: 

Lemma 3.3. The fiber o/TyA point {(xi, x n ) G A", D} G A^ wii/i Z? = £/2fc • is 
canonically isomorphic to 

where (•, -).K-j/ is i/ie Killing form on A. 

This lemma implies in particular that the line bundle J^a can be defined over A^ for a not 
necessarily complete curve A. 

For a partition n — ni + 7i2, /i = jii + fa, consider the natural addition map add /ilj ^ 2 : 
jjfAi x X^ 1 — > A' 1 

For an rii-tuple and an ri2-tuple of elements of A, Ai and A2, respectively, let A Ml - C X% 



ni , < Ai 



"1 



and A^ 2 - C A^ 2 be the corresponding closed subschemes. Let 



(V 11 „ 



xA Ml , 

n 2 ,<\2/ disj 



be the open part of the product, corresponding to the condition that the supports of the 
corresponding divisors are disjoint. Note that the restriction of the map add^^ to this open 
subset is an etale map to the subscheme A M - - . 

n,<AiUA2 



^The construction of the line bundle IP p starting from the form (•, - )ku is a particular case of a 0-data, see 
|CHAI . Sect. 3.10.3. 
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From Lemma 13.31 we obtain the following factorization property: 
(3.2) addt ,-, (0V)|/ - - \ ~ V v k M ? v a 2 I / - 

V ™1,<M ™2,<Wd«j \ ni ,<J ± n 2 ,< 

compatible with refinements of partitions. 

Let us also denote by (A^ 1 x X£ 2 )di S j ind-subscheme of A^ 1 x X% 2 consisting of points 

{D 1 ex£\xeX n ,D 2 eXt}, 

such that D± is disjoint from both x and D 2 . Let us denote by add^^disj the restriction of 
the map add^^,, to this open subset; it is also etale. We have an isomorphism 

( 3 - 3 ) ^dl ujl2idisj (7 x& ) ~ V x k M y x , 2 . 

3.4. Let D-mod c (A£) denote the category of " ?® C A " -twisted D-modules on X%. 

As in Sect. 12.111 if the group G a d is not simple, the line bundle T x a is naturally a product 
of several line bundles, one for each simple factor. Hence, also in the present context we will 
interpret c as an invariant symmetric bilinear form A ® A — > C. As in loc. cit., the categories 
£>-mod c (X%) and £)-mod c (X%) are equivalent if c" — c' is integral. 

In order to introduce the category of factorizable sheaves, we will need to define a particular 
object of the category T>-mod c (X^ ), denoted £«. 

o „ 

Let A^ c Ag be the open subscheme, corresponding to divisors of the form E/Zfc • with 

all yk distinct and each fa being the negative of one of the simple co-roots. Let j Dla 9 denote 
the corresponding open embedding. 

By Lemma I3.3[ the line bundle T^aI a . canonically trivializes. Indeed, (A, A + 1p)KU = 

x l 

whenever A is of the form w(p) — p for some w € W; in particular for A being a simple co-root. 

o w o „ 

Hence, the category D-mod c (X^) is canonically the same as D-mod(Ag). 
We let £« £ S)-mod c (A0 ) to be the following object. It corresponds via the above equivalence 

£-mod c (A^) ~ S-mod(A^) 

o „ 

to the sign local system on Ag . The latter is, by definition, the product of sign local systems 

o 

on each X^-" 1 ^ when we write X^ as in (|3.ip . 
We define 

o _ 

Note that the Goresky-MacPherson extension is taken in the category £>-mod c (A0) (and not 
in S-mod(A^)). 

Example. Let G = SL 2 and c be irrational. Then the fibers and co-fibers of £^ on the closed 

o „ 

sub- variety A^ — A^ are zero. 

By construction, the system of objects // i— > has the following factorization property with 
respect to (13.3[) : for fi = fa + fa , 

(3-4) add^^^)-^^* 2 . 
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These isomorphisms are compatible with refinements of partitions. 

3.5. We are now ready to introduce the sought-for category of factorizable sheaves. We define 
FS^j to have as objects (twisted) D-modules £^ e !D-mod c (X#), defined for each ji e A, 
equipped with factorization isomorphisms: 

For any partition jl = + and the corresponding map 

add Al , A2 ,^- : (xf x Xt) A . s . - Xt 
we must be given an isomorphism 

(3-5) addt i)A2idisj (££)~£fH£^, 

compatible with refinements of partitions with respect to the isomorphism (|3.4j) . 

A morphisms between two factorizable sheaves 1 L n — { 1 ^C^} and 2 L n = { 2 ££j} is a collection 
of maps — > 2 £^, compatible with the isomorphisms (|3.5p . 

o jpoles 

Let X n X n be the complement to the diagonal divisor. By the same token, we define 
the category FS„. We have a natural restriction functor (jP°' es )* : FS^j — > FS„ and its right 

n n 

adjoint 

ypole.), : FS|^FS£. 

o 

A— A— 

Let now n be a partition n = ni + ... + rj& 5 and let — ¥ X n and — ? X n be the 
corresponding subschcmcs. We have the natural functors 

(As), : FS£ -» FS£ and (A^). : FS^ -> FS^. 

The right adjoint functors are easily seen to be defined on the level of derived categories (the 
latter are understood simply as the derived categories of the corresponding abelian categories) 

(Air) ! : D + (FS c n ) - D+(FS c k ) and (A^) 1 : D + (FS c n ) -> D+(FS|), 

k 

and coincide with the same-named functors on the level of underlying twisted D-modules. 

3.6. We shall now introduce a (full, abelian) subcategory FS^j C FS^j, which will be our main 
object of study. An object £„ € FS^ belongs to FS^ if the following two conditions are satisfied: 

(i) Finitcness of support: ££j is non-zero only for ft belonging to finitely many cosets A/ Span(A). 
For each such coset, there exists v = v\, u n G A n , such that for each fi belonging to the above 
coset, the support of is contained in the subscheme X^ —. 

o 

(ii) To state the second condition, we shall first do it "over" X n , i.e., we will single out the 
subcategory FS □ inside FS % . 

n n 

Our requirement is that there are only finitely many collections (/ii, ...,/t n ), such that for 
fi = S jii, the singular support of , viewed as a twisted D- module on 

i=l r ..,n n 

(3.6) A A „ x X n 

(for some/any choice of v such that the support condition is satisfied), contains the conormal to 

o 

the sub-scheme X n , where the latter is embedded into (|3.6|) by means of (a;i, x n ) i— » E/2j - a;,. 
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(Note that the above condition is actually a condition on fi: when the latter is fixed, there are 
only finitely many partitions fi — £ fii with fii < i>i where v bounds the support of our 

i— l,...,n 

sheaf.) 

Now, condition (ii) over X n is that for any partition n = n\ + . . . + each of the cohomologies 
of (An)-(£j n ), which is a priori an object of FSo, belongs in fact to FSo. 

k k 

3.7. Let us fix the pole points x = (xi, x n ) <E X n , and let X^ denote the fiber of X£ over 
this configuration. Proceeding as above, we can introduce the categories FS§- and FS^-. We shall 
now describe some special objects in them. With no restriction of generality we can assume 
that the distinct. 

Let A = Ai, A„ be an n-tuple of elements of A. For each jl consider the corresponding 
closed subscheme X^ - := X^ n X 11 -. If jl — £ Ai — £ m[ ■ a t , then 

a;,<A ' n,<A i— l,...,n i£3 

(3.7) x^ _~ n x^K 

X.<\ lt£3 



Let 

O -Diag , poles 

X* ^ J ^ X» ^ 

x,<\ X,<\ 



be the open subscheme corresponding to divisors of the form 

£ Mfc ' Uk + £ Xi ■ Xi, with £ fi k + £ A, = jl 

i—l....,n i—l....,n 

where all the y^s are pairwise distinct and different from the x^s, and each jlk is the negative 

o „ 

of a simple coroot. I.e., X^_ - is the complement of the diagonal divisor in the product (13.70 - 

x 7 <\ 

Note that the restriction to this subscheme of the line bundle is constant with fiber 

(Ai,A»+2p) Ku 

(X) T . 



We define a local system on X^_ -, denoted as in the case of using the product of 

a:,<A a;, A w 

sign local systems on the factors in (|3.7p . 

Let X^_ - be the open subset of X^ ^, corresponding to divisors of the form T, jlk ■ y k + 

x,—X x.<\ 

£ Xi ■ Xi with yk ^ Xi. We have the corresponding open embeddings: 

i— l,...,n 

O / -Oiag, poles _ II- Diag , poles 

x» ^ J — x» ^ ^ xf ^ 

x.<\ x,—X x.<\ 

with jDi a 9iP l es ft jDiag, poles q / jDiag, poles 

We let 

j^fi n -Diag, poles q / -Diag .poles r^fi \ j^fi // -Diag , poles Q I -Diag , poles /^fi \ 

X.A,! X,\ X,A,* X,A 

and ■= " jD ia 9>P° les ' jDiag,poles /£# \ ^ jDiag,poles j-£/i \ 

a;, A,!* ' Tc,A ' af,A 

The collections £i_t, : = i, £_t. : = }, £_t : = i are naturally 



objects of FS§. 
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Points (a) and (c) of the following lemma essentially results from the definitions, whereas 
point (b) follows from [BFS] (see Sect. below). 

Lemma 3.8. 

(a) The objects £_j, + are the irreducibles o/FS^-. 

(b) The objects £— T, an d T* are °f fi n ^ e length. 

(c) The cones of the natural maps 

^lr,A,! ^2:, A,*! ^x,A,* 

are extensions of objects of the form £_ j, | for A < A. 

Finally, we will use the following result, which also follows from [BFSj (see Sect. l3.13"l below): 
Theorem 3.9. 

fa) Assume that c is rational. Then all the objects £ -?-,,£ t . and £ t belonq to FS^. 
1 7 J x,\,\ x.\,*\ x,\,* ^ x 

(b) Assume that c is irrational. Then 

• (i) The objects £ -=-. and £ t never belonq to FS^r. 

1 7 J x,X,< x,\,* D x 

• (ii) An object £_ j ^ belongs to FS§- if and only if all A; are dominant. 

• (Hi) The category FS§- is semi-simple. 

3.10. We can now formulate our main theorem: 

Theorem 3.11. Let c be irrational. Then there exists an equivalence of abelian categories 

Whit c n FS^ . 

3.12. Let us now explain the relation between our set-up and that of [BFSj . The difference 
is that in loc. cit. the authors work with D-modules on the spaces X^ .—, rather than with 
twisted D-modules. 

Let us again fix an n-tuple of distinct points x\, ..., x n and identify the line bundle V x p \ x a 
explicitly. Let 

fi — T, Vi — — £ m l ■ a t 

i— l,...,n i 

The scheme X!t — can be identified with the corresponding product of symmetric powers, 

nx( m '>. 

^ 

The line bundle fx Ax 11 _ ^ s then 



J,<» \ » «i#i2 t,j=l,...,n 

where A l is the diagonal divisor on X^ 1ll \ A ll:l2 is the incidence divisor 
At j the incidence divisor on X^-" 1 ^ x x^, and 
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Let us assume now that our curve X is A 1 (as in [BFS ), with coordinate t. We will denote 
by t\, ■■■,t\ n the corresponding functions on X m \ The function 

4 \ l<k\ ,K2 <m, y *i#*2 \ l<Ki<m n ,l<&2<m,. 2 

n ( n (t*- Xj y 

on XH — trivializes the line bundle in question. This allows to view the twisted D-modules ££ 

x,<v 1 x 

comprising an object 6 FS C as plain D-modules. 

o 

However, the definition of the standard object, such as L^ - is more complicated. The latter 

a;, A 

equals the product of the sign local system and the pull-back by means of the map 

o _ fj 

X_ — — > G m 

of the D-module \&(c) on G m . Here vE'(c) is the Kummer D-module, generated by one section 
" z c " and satisfying the relation 

(3.8) zd z -"z c " =c-"z c ", 

where z is a coordinate on G m . 

3.13. This subsection is included in order to navigate the reader in the structure of the proofs 
of results from [BFSj that are used in this paper. 

To simplify the notation, let as assume that n = 1, i.e., x = {x}. The main hard result that 
we use is that the the objects L x - x w for A 6 A + belong to FS£, i.e., they satisfy the singular 
support condition. This is established in Theorem II. 8. 18 of loc. cit. This theorem amounts to 
an explicit calculation of vanishing cycles. 

In fact, that theorem says that for any A £ A and c, the cotangent space to the point 
fi ■ x 6 JGj? belongs to the singular support of £/' ; (resp., £ M - , £ M - ) if and only if fi 

iC , A , ! 3?, A,! X , A , * 

appears as a weight of the irreducible module (resp., Verma module, dual Verma module) of 
highest weight A over the corresponding quantum group. 

This implies point (b) of Lemma 13. 8[ as well as points (a), (b,i), (b,ii) of Theorem 13.91 

Let us now comment on how to deduce that FS^ is semi-simple for c irrational (we will just 
copy the argument from loc. cit. Sect. III. 18). The proof relies on the following (Lemma III. 5. 3 
of loc. cit.): 

Lemma 3.14. Assume that both H±, £2, £ FS^ are supported on Xj£ for fi belonging to a single 
coset in A/ Span(A). Then there exists fio such that for all fi > fig the map 

Hom FSs (£i,£ 2 ) -> Homjj.^^fL^g) 

is an isomorphism. 

The proof of this lemma is not difficult, but we emphasize that it uses condition (ii) that 
singles out FS X inside FS£ in an essential way. 

To prove the semi-simplicity of FS X we have to show that for any Ai, A2 G A + , 

Extp S a(L x ^ iW ,£j x - X2W ) = 0. 

We distinguish two cases. 
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Case 1: Ai = A 2 =: A. An extension class gives rise to an extension of twisted D-modules over 



c<\' 



-» £ M 5 , — > — > £ M - -f 0. 

a:, A,!* a:, A,!* 



Applying Lcmma l3.14l we obtain that for all jl that are sufficiently large, this extension is non- 

o _ 

split. Restricting this extension to the open subschcmc X^ we obtain a non-trivial extension 
of the corresponding local systems. This, however, contradicts the factorization property. 

Case 2: Ai ^ A 2 . We will show that 



Extl 



d-(xS)^.M.'.* ,S:J x,X 2 ,'J ' 



3-mo 

which would imply our assertion in view of Lemma 13.141 

Since the situation is essentially Verdier self-dual, we can assume that /i 2 > fii- The object 
£ M 5 , is supported on the closed sub-scheme X^ „ ? . We claim that both !- and *- restrictions 

x,\i ,!* a:,<Ai 

of , , to this subschcmc arc zero. 

X.A2 ,!* 

By factorization, it is enough to prove the latter assertion for jl — Ai, in which case X^ < ^ — 

pt. The assertion is local, so we can assume that (x € X) ~ (0 € A 1 ), and pass from twisted 
D-modules to usual D-modules, as in Sect. 13.121 Consider the action of G m on A 1 , and hence 
on (Ai)'* 1 . ; We obtain that £/' ; , is monodromic against the character sheaf ^f(c'), where 



((A 2 , A 2 + 2p)ku - (Ai, Ai + 2p)KM^j 



However, the integer (A 2 , A 2 + 2p) ku — (Ai, Ai + 2p) ku is non-zero, and since c ^ Q, we obtain 
that c' ^ Z. Hence, the stalk and co-stalk of this D-module at is zero. 

4. Zastava spaces 

4.1. In order to prove Theorem 13. Ill we have to be able to pass from (twisted) D-modules on 
2U„ to (twisted) D-modules on X%. This will be done using ind-schemes (defined for each 
fi G A), that map to both 2U„ and X%, and that are called "Zastava spaces". 

For a coweight jl let Bun^_ denote the stack of J3~-bundles of degree (2g — 2)p — jl. We will 
think of a point of Bun^_ as a triple: 

• A G-bundle $ G . 

• A T-bundle 3r such that for any A S A the degree of the corresponding line bundle 

A(ffr) is (A,(2 5 -2)p-A). 

• A collection of surjective bundle maps 

which satisfy the Pliicker equations. 
Let p~ and q~ denote the natural maps 

Buiic «— Bun^_ — > Bun^, 

respectively. Let J^^a denote the line bundle p~*(CpBun G ). Almost by definition we have: 

Lemma 4.2. The line bundle T^ un f' is isomorphic to the pull-back under q~ of the line bundle 

b— 

^Buiit over Bunj- (see Sect, \3.2}) . 
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4.3. We let Z£j denote the open sub-stack in the product 2U„ x Bun^_ that corresponds to 

Bung 

the condition that the composed (meromorphic) maps 
(4.1) u>^ £ V* K ^ A(ff r ) 



3c 

are non-zero. Let f p~, 'p denote the projections Z% — * 2U„ and Z£ — > Bun^_, respectively. 
Taking the zeroes/poles of the maps (|4.1|) . we obtain a natural map 

tt* : Zg - X£. 

4.4. The next three assertions repeat [BFGj . Sect. 2.16 (see also [BFGM] . Sect. 2 for a less 
abstract treatment): 

Proposition 4.5. Let {i,5g,3t, ( kA )i ( K )} ^ e a point of Z%, and let D £ X% be its image 
under tt^ . Then the restriction of$a to the open curve X — supp(-D) is canonically isomorphic 

T 

to $g = x G , with the tautological maps k a , k x ~. 

o o 

Proof. This is just the fact that the stack N\G/B~ is isomorphic to pt, where G denotes the 
open Bruhat cell in G. □ 

Corollary 4.6. The (ind)-stack Z£ is in fact an (ind)-scheme. 

Proposition 4.7. For fx = fi' + fi" there exists a canonical isomorphism of stacks 

(4.2) (x$ x Xf) x Z* ~ [X$ x Xf ) x (z$ x zf ) . 

\ / disj x£ \ / disj Jj/ 1 xJff* j ^ ' 

Proof. Let £)' and D" be points of and , respectively, with disjoint supports. 

Objects classified by both the LHS and the RHS in (|4.2p are local in X . Thus, we can think 
of the LHS as defining a certain data on X — supp(£>') and X — supp(_D") separately, with 
a gluing datum over X — (supp(Z?') U supp(D")). We have to show that the gluing datum in 
question is in fact superfluous, but this follows immediately from Proposition [43] 

□ 

4.8. Let us make the following observation: 

Lemma 4.9. The line bundle 'p~*0P2n„) — 'P*(^B~ n £ ) identifies canonically with n* 1 * ("? x ji) . 

B — 

Proof. This follows from the fact that the diagram 

Z£ — Bun£_ 

^[ "~1 
X% AJ ; Bun T 

commutes, where the lower horizontal arrow is the Abel-Jacobi map of Sect. I3T21 i.e, it sends a 
divisor D to the T-bundle ujP(-D). □ 

This allows us to define the functors 

D(D c -mod(2U„)) -» D(S-mod c (X£)). 

Let us denote by '})-#<■ the functor D(D-mod c (2ir n )) -> D(£-mod c (Z£)) given by 

J h-> ('})")' (90 [- dim. rel.(Bun|_ , Bun G )]. 
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(We note that this functor essentially commutes with Verdier duality, since the morphism 
p~ : Bun^_ — > Bunc is smooth for fx such (a, fx) < — (2g — 2), which is what we will be able to 
assume in practice.) 

Thus, we can consider the functor 

7rf o 'p— .A.- : D(D-mod c (22J„)) -> L»(D-mod c (X^)). 

We will prove: 

Proposition 4.10. For all c and "3 £ Whit^j i/ie object Tr!t('p~>' 1 >')(3 r )) is concentrated in the 
cohomological degree 0. 

In addition, we will prove the following assertion: 

Theorem 4.11. For c irrational and any J £ Whit^j, the object 

is well-defined, @ and the natural morphism 

<('p-*-)(?))-<('P"*-(?)) 

is an isomorphism. 

We emphasize that assertion of Theorem 14.111 is false without the assumption that c be 
irrational. 

Remark. The morphism it* 1 is affine, so for a (twisted) D-module 2f' on Z^, the object of the 
derived category given by 7T* (3"') lives in non-positive cohomological degrees, and the object 
tt^(3') lives in non-negative cohomological degrees. Hence, Theorem 14.111 formally implies 
Proposition 14.101 Nonetheless, we will give an independent proof of this proposition, because 
it holds without the assumption that c be irrational. 

4.12. Our present goal is to establish a key factorization property of the D-modules on Z^ 
that are obtained from objects of Whit^ by means of 'p - ^-': 

Proposition 4.13. For 3 G Whitjj and p, = fix + fi-2, under the isomorphism of (14. 2j) . the 
D-module 

"<i<i;, ,„.,/,-, ('r^'-(y)) e sw ( (V x x z£ 

goes Of er £o 

'p-^'-(J )K'p-^'-(3-) £ O-maf [ (x* 1 x *M x (z^ 1 x Z£ 2 

These isomorphisms are compatible with refinements of factorizations. 

Proof. Let us consider the following relative version of the stack (2U n ) g0 od at y, introduced in 
Sect. 12.31 Namely, let (2U„) goo d at fa be the open substack of X^ 1 x 2U„, where a divisor 
D € 1 is forbidden to hit the pole points (xi, £„) £ X n , and the k a 's are bundle maps on 
a neighbourhood of supp(-D). 

Over 1 we have a group-scheme, denoted Nj^ 8 , and a group ind-scheme NS er ; the latter is 
endowed with a character Xfa '■ N^ 61 — > G a . Over (2U n ) goo d at fa there is a N^-torsor, denoted 
faW n . The total space of this torsor is acted on by Nj? cr . 

®The issue here is that the direct image with compact supports in not a priori denned on non-holonomic 
D-modulcs. 
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Consider the action map 

&Ctp il : 3\fJ". X j^-JXSn » (2Uri)good at fix ■ 

From the definition of the Whittaker category it follows that for any g Whit n , we have: 

The pre-image of (2Un)good at pi under the map 

(xfrxXfr) xZ^X^xW n 
goes over under the isomorphism (14.2j) to the substack 

K- - x - 



(4.3) (xfrxX*) x fe'xZ^V 

where ZZ 1 = ZZ 1 x 2U - 

Note that by construction, we have a locally closed embedding of schemes over X^ 1 

o 

■7 Mi . -k rmcr /T,ricg 

^0 J V'l / JN /il ' 

such that the pull-back of Xfixi^P) identifies with the restriction of 'p^'* 11 '' to this sub- 
scheme. 



For 5" G Whit^j, its pull-back onto the product 

(xj; 1 X W n ) X (X^ 1 X X n ) disj 



is the extension by * (and also by !) from (2H ri ) goo d at pi- Hence, it it sufficient to establish an 
isomorphism of twisted D-modules over the open sub-stack appearing in (|4.3[) . 
The assertion of the proposition follows now from the fact that the composition 

x X%>) . x x Z^) -> (X^ x X*) . x -> x 2H„ 



factors as 



(xfrxX*>) x (J^/J^ x 2#) 



-» X Al 2U„ aC -^' 1 Al 2U„ -» (2U„) good at Al x 2U 



where the second arrow is the isomorphism, following from the trivialization of the -torsor 

( Al 2U„ x Z£ 2 ) x (j^ 1 x Xt) 



see Proposition 14.51 
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□ 

4.14. As a corollary of the above proposition, we obtain: 
Corollary 4.15. For 5" e Whit^ and p, = fa + fa, we obtain: 

as objects of D -mod? (XL 11 x X^ 2 ) . These isomorphisms are compatible with refinements 

V / disj 

of partitions. 

The next step is to analyze the object 
(4.4) := <('p-^(?0)) G 2>-mod c (x£). 

We shall prove: 
Theorem 4.16. 

(1) If {oti, a l ) c 1 for any i S 3, then we a canonical isomorphism 'L^ ~ Lq over X^. 

(2) If c is irrational, the above isomorphism holds over X^. 

Both isomorphisms are compatible with the factorization isomorphisms. 

5. Proofs-A 

5.1. Proof of Theorem 14.161( 1). Let us first assume that fi equals the negative of a simple 

o 

co-root ojj. The scheme Z 1 ^' identifies canonically with X x G Q , and is the complement to 
the zero section, corresponding to 6 G a . 

o 

Recall that the line bundle T^o, is canonically trivial. However, over we have two 

trivializations of the the corresponding line bundle: one inherited from that on X^ \ and the 
other from that on QBg.o- The discrepancy is given by the map 

o ^ >x 2d% 

%0* — X x G m — » G m — > G m , 

where d t is as in Sect. 13.121 

Thus, 7r* ('p - '' 1 '^^)) is equal to the constant D-module on X times the vector space 

H(G m ,y(2-d t -c) (giexp), 
where ^(-) is the Kummer D-module as in (|3.8[) . 

Now, the "Gauss sum" formula, i.e., the canonical isomorphism 

H(G m , *(2 • ck ■ c) (g> exp) ~ C 
is well-known from the theory of Fourier-Deligne transform. 

Let us now assume that fi is arbitrary. Corollary 14. 151 together with the above computation, 
imply that the required isomorphism holds after the pull-back to (llX m ^, away from the 
diagonal divisor, where fi = — Sm 4 • a t . 

We only have to show that the action of the symmetric group II S mj on the above constant 

sheaf is given by sign character. But this follows from the Kunneth formula, as the cohomology 
H(G m , \I/(2 • d t ■ c) exp) is concentrated in degree and dim(G m ) = 1. 

□ 
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5.2. Proof of Proposition [47101 Let us first show that for J € Whit n , the object 

is concentrated in non-positive degrees. 

For that we can assume that ji satisfies {a, ji) < —(2g — 2) for all a G A + . Indeed, if not, we 
can replace p, by fi\ = p, — k ■ p with k large enough, and then apply Corollary 14.151 combined 
with Theorem 14 .161^ 1) to factor the extra points away. 

For jl as above the map p~ : Bun^_ — ► Bunc is smooth, and hence, so is the map 'p~ : 
Zjj — » 2U„. Hence, 'p~'' i ''(S') lives in cohomological degree 0. Hence, our assertion follows from 
the fact that the morphism ir^ is affine (see [BFGMj . Sect. 5.1 for the proof of the latter fact). 

To prove that 7r* o , p~'^'(3 r ) is concentrated in non-negative degrees we need to analyze the 
fibers of the map n^. 

5.3. Analysis of the fibers. Let us denote by Z^ oc the fiber of Z± over the point fi-x € X±. 
For A G A, let us denote by Z^ x the pre-image in Zf oc x of the sub-stack W x - X . Let 

and y„x,ii denote the corresponding line bundles, obtained by restriction from 3V#. 

As is shown in BFGM , Sect. 2.6, Z^ oc identifies with a closed sub-indschcme of the affine 
Grassmannian Gv G ^ x = G(X X )/G(Q X ). 

Let S x denote the A^X^-orbit of the point t X , and let denote the N~ (3C x )-orbit of 
the point t^. Then 

where by a slight abuse of notation we denote by <^|d x the corresponding l^O^-torsor. 

The line bundles "P^p, and T„Aa are induced from the canonical line bundle on Grg x via 

the above embeddings. 

By Proposition 14.71 for a point D G X£ given by £ fi' k ■ + X /x" • Xj with all the 's and 
Xj's pairwise distinct, its preimage in Z% is isomorphic to the product 

n zf h x n zf 3 ' . 

By Proposition 14. 131 an object 5F € Whit^ defines a (complex of) twisted D-modules 9^ c ^ 
for every fi and a; G X, so that the l-restriction of to the fiber over the point D G X\\ 

is isomorphic to the product 

5.4. Analysis of the line bundle. By Lemma 14.91 the line bundle 3 z a over Z^ oc x is 
canonically constant with fiber 

-(fl,(l + 2p) KU 

(5.1) LU X _5_ . 

Note that the line bundle 7<m - over 2IL ? is also constant with fiber 

x , X X , A 

-(\,\+2p) Kil 

(5.2) u x 



^We denote by i a local parameter on the formal disc D x around x; t x 6 Grc is the projection of the point 
in G{Xx) corresponding to the map D% -4 G m {Xc) A T(K X ) <-* G{X X ). 
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Hence, the line bundle CP^x./j is also isomorphic to the constant line bundle with the above 
fiber. 

We obtain that T^a.a admits two trivializations, defined up to a scalar. The discrepancy 

between them is a function Z, — * G m , defined up to a multiplication by a scalar, that we 
shall denote by r ) X,il . The following assertion will be used in the sequel: 

Lemma 5.5. The function intertwines the natural T(0 X ) action on S x PI S^'* 1 C Gtg,x 
and the action on G m given by the character 

T(O x )^T CX -H Kil G m . 

5.6. Let us now return to the proof of Proposition 14. 101 Consider the stratification of X% by 
means of the strata formed by divisors ■ + £ p!- ■ Xj with all the y^'s and Xj's pairwise 
distinct. 

By Sect. l5.3l to prove the desired cohomological estimate, we have to show that for 5F G Whit£ 
the following holds: 

(5.3) 

where by a slight abuse of notation, we view Jf ocx and (9 r 0)f OC2 , as non-twisted D-modules 
using any trivialization of the line (|5.ip . 



H l ( Z^ x , 3*. X J = for i < and any J 
H l [ZL X , (SjOL J = for i < and <F = J 



To prove the first assertion in (|5.3p , we can assume that 5" is of the form £F ? t for some 
A G A + . In this case, the 9^ G Z?(D-mod c (Zf oc )) is the *-extension of a complex of twisted 



D-modules on . 



Let 2,^- denote the the pre-image of the locally closed substack W x ^ C W x . This is a 
smooth scheme, and the map 



7^ : 2/\ - 

a;, A a:,<A 

o 

is flat. The complex 9^ c x is obtained from a lisse twisted D-module on 2/' * by [-restriction to 
the fiber over the point A • x G X M < ^. Hence, it is concentrated in the cohomological degrees 

> dim(X^ < ^) = (p,X— fi). However, since &im(Z^ x ) = dim(S' A f) S~'' i ) = (p, A — our 
assertion follows. 

To prove the assertion concerning 3^, we have to show, that the restriction of (9 r 0)^ )c x to the 

smooth part of Z^^ x , which is a lisse D-module placed in the cohomological degree (p, — fi), is 
non-constant on each connected component, where we are using the trivialization of the twisting 
obtained from trivializing the line (|5.ip . 

Let us describe this lisse D-module explicitly. It is the tensor product of (7°'^)* (W(c)) and 
X x *(exp), where x x ls the map 

ZH X -S°C) S-^ -> N(X x )/N(O x ) H G„. 

However, by [FGVj . Prop. 7.1.7, coupled with jBFGMj . Prop. 6.4, it is known that the 
map Xx i s non-constant on every irreducible component of S° (~l S^^. This implies that the 
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above tensor product is non-constant on every component, since the first factor is tame, and 
the second is not. 

6. Proofs-B 

6.1. From now till the end of the paper we will assume that c is irrational. The goal of this 
section is to prove Theorem 14. 16f 2) . as well as the following statement: 

Theorem 6.2. For c irrational there exists an isomorphism 

The proofs of the two theorems are largely parallel. We begin with the former. 

6.3. By Proposition ^. 1Q[ the LHS (i.e., ' := 7r* °'p~'' i '''(3 r q l )) is a D-module, which coincides 

o „ 

with the RHS (i.e., over the open sub-scheme Xq. 

As a first step, we are going to show that the !-restriction of the LHS to any stratum in 

Xq — X^ is concentrated in cohomological degrees > 1. Applying factorization, this is equivalent 
to the fact that 

(6.1) *r((S° n 5-^), 7 °' A *(*(c)) ®X° x *(exp)), 

vanishes for i = — + 1, whenever \p,\ > 1, where \p,\ denotes the length of fi, i.e., \(p,fi)\. 

Since the dimension of every irreducible component of S° PI S'~'' i is it is enough to show 
that for every such component (or its dense open subset) Y, 

(6.2) w(Y,^*(y(c))®x° x *(exp)) 

vanishes for i = — + 1. We shall now rewrite the expression for the above cohomology. 

6.4. Consider the vector space n/[n,n] ~ A' r , and let Xx,univ be the canonical map N(3C X ) — > 
A r , where r is the semi-simple rank of G. Our character Xx can be taken to be the composition 
of Xx,univ and any functional £ : A r — > A, which is non-zero on all simple roots. 

By the projection formula, 

iT (V, 7 °^(*( C )) ® xTiexp)) ~ W (k r , (X° x , univ \y)l (j°'^(*(c))) ® t{exp) 

The scheme S°r\S~- fl , and hence Y, is acted on by T(0 X ), and the map Xxuniv ^ s equi variant, 
where T(0 X ) acts on A r via the projection T(Q X ) — ► T and the natural action of the latter on 
n/[n,n]. 

By Lemma r5.5[ the map 7°'^ : S° D S~'^ — * G m is r(Oa;)-equivariant against the character 
/i := (fi, ?)ku- Hence, the complex 

(6-3) M Y := (x x , univ \Y)*. (7°' A *(*(c))) 

on A r is T-equivariant against the character sheaf \&(c • /i). EB In particular, M r is lisse away 
from the diagonal hyperplanes. 

Thus, the cohomology (|6.2p . shifted by [r], is the fiber at £ € (A r )* of the Fourier-Delignc 
transform Four(M r ). By the above equivariance property of M y , the complex Four(M y ) is 
also twisted T-equivariant, and hence is lisse away from the coordinate hyperplanes, and in 
particular on a neighbourhood of £. 

^The latter is the pull-back of ^(c) by means of the map fj, : T — > G m . 



TWISTED WHITTAKER MODEL AND FACTORIZABLE SHEAVES 



20 



6.5. We are ready now to return to the proof that the cohomology (16. 2\ vanishes in degree 

i-|A|. 

Let 3' C 3 be the minimal Dynkin sub-diagram, such that p £ Span(dv, i' £ 3'), and let r' 
be its rank. We will distinguish two cases: (1) r' = 1 and (2) r' > 1. 

In case (1) p = {—m) ■ a„ where a t is the corresponding simple root. We can describe the 
intersection S° fl S^'* 1 explicitly. It is irreducible and isomorphic to A m_1 x G m , with the map 
Xx,univ being 

A™" 1 x G m -» A" 1 " 1 -> A 1 Q A r . 

(Recall that by assumption \p,\ > 2, hence, m > 2). Since there are no non-constant maps 
A" 1-1 — » G m , the map 7°^' factors through the G m -factor. This implies that the cohomology 
(|6.ip vanishes in all degrees. 

Let us now consider case (2). By Sect. I6.4[ it is enough to show that M Y itself lives in 
perverse cohomological degrees > — {p, p) + 2. 

The equivariance property of M Y against the character sheaf ^>(c ■ p) on T, and since c is 
irrational, implies that the complex M y is the extension by zero from the complement to the 
union of coordinate hyperplanes in A r . However, over this open subset, the fibers of the map 
Xx,univ -Y^A r have dimension < (p, p) — r' , and we are done since r' > 2. 

6.6. Let us proceed with the proof of Theorem 14. 16f 2). We obtain, that the map 

resulting from the isomorphism of Theorem 14. 161( 1) . is injective. 

Since we are dealing with holonomic D-modules, the direct images with compact supports 
are well-defined, and by Verdier duality, we obtain that the map 

jf^ill)^*? o'p-.A-(iF e ) 

is surjective. 

Consider the composition 

where the middle arrow is the canonical map as in Theorem 14.111 This map restricts to the 

o „ 

tautological isomorphism over ; hence, it is the canonical map over the entire X^ . 
Applying Theorem 14.111 (which will be proven in the next section) , we deduce that 

as required. 

6.7. Proof of Theorem 16.21 To simplify the notation, we will assume that n = 1, i.e., x 
consists of one point x (and A is just one co- weight A). The proof in the general case is the 
same. 

Both D-modules: 

are supported on the sub-scheme X 1 * ? C X£. By Proposition 14.131 the desired isomorphism 

o _ 

holds over the open sub-scheme X^ < ^. 



30 



D. GAITSGORY 



Moreover, by Theorem I4.16[ the isomorphism in question holds over a larger open sub- 
scheme: one consisting of divisors D = £ jlk • Vk + A • x with yu ^ x. Thus, we have to show 

that the isomorphisms holds also over this divisor. 

We will argue by induction on A — jX. The case A = fi is evident. We assume that the 
assertion is true for all ft! with |A — fi'\ < |A — Then, by factorization, the two D-modules 

appearing in the theorem are isomorphic away from the point p, ■ x <-^> X <?• Let us denote 
the corresponding open embedding Af' 1 < =- — {fi ■ x] <^-> X^ < >- by jP ole . 

6.8. First, we claim that the !-fiber of 7r* o 'fi - '^''(SLt . ) at the above point is concentrated 

v z,A,!* y 

in cohomological degrees > 1. 

Indeed, the above fiber is given (up to a cohomological shift by |A — by 

(6-4) H'{zl c ^ xXu )l^ x ). 

We need to show that the above cohomology vanishes in degree — |A — p\. This is equivalent 
to the fact that the D-module (3 r x ^ i„)f oc x is non-constant on an open part of each irreducible 
component of Zf oc x . 

Replacing Zf oc by a dense open subset in the support of the D-modules in question, we are 

reduced to the study of S x PiS~^, and the D-module (7^)*(vK c ))®Xx*( ea; P) 011 it, where j' X '^ 
is as in Sect. 15. 41 and \x IS the function S x — > G , induced by the character \x ■ N(X X ) — > G Q , 
which is defined up to a shift. 

Let us distinguish two cases: If the the function Xx i s non-constant on the given irreducible 
component, the assertion follows as in the proof of Proposition 14. 101 (see the end of Sect. 15. 6p . 

If Xx i s constant, the sheaf in question is (7 A,/i )*( , I'(c)), and it is non-constant, since c is 
irrational, and hence c • (A — fi, -)ku is not an integral character of T. 

6.9. The rest of the proof is similar to that of Theorem 14. 16( 2) . Indeed, we obtain that the 
map 

< o V A, -(9«,* ,!*) - f*° le (f° le *Kx<j) 
is injective. Dually, we obtain a surjective map 

The composition 

.r h (j pole *K- x ,j) -> < ° 'r ^(s,,*,,) - < ° 'p .a.! ' - (j pole *Kx,j) 

is the canonical map 

because this is so over X^ , K — {a ■ x\. 

Now, Theorem 14.111 implies the desired isomorphism 

< ° 'P "i^.A'J - & XU - < ° 'P-' A '-(^,A,! J- 

7. Cleanness 
In this section we will prove Theorem 14. Ill 
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7.1. We introduce the stack Bun^_ (see [BGj . Sect. 1.2), whose definition is the same as that 
of 2U0 (with B replaced by B~ and k x replaced by k a, ~) and the difference being that we allow 
an arbitrary T-bundle of degree (2g — 2)p — ft. 

We have a tautological open embedding f~ : Bun„_ <—* Bun^_, and the maps 

Bun^, <^ — Bun^- — * Bung, 

that extend the corresponding maps for Bun^_. 

Recall the line bundle Tb U ii t over Buny and the line bundle CPsunc over Bun^. We let 
7— — » and 3 — — » , respectively, denote their pull-backs to Bun B _. The two are canonically 

Bun B _ Bun B _ 

isomorphic over the open sub-stack Bun^_ . 

7.2. We introduce the compactified Zastava space Z^ as the open sub-stack of 2U„ x Bun B _ 

Bunc 

corresponding to the condition that all the compositions 

are non-zero. We let 'p~ : Z^ — ► 2U„ and 'p : Z^ — > Bun B - denote the corresponding base- 
changed maps. 

As in the case of the usual Zastava spaces, we have a natural map 

7? A ■ 2 r/I _> vA 

and an analog of Proposition [47] holds (with the same proof): 

(7.1) (Xfr x XP?) . x Z* ~ (Xf x . x (zj l x C) . 

There is a tautological isomorphism of line bundles: 

We shall denote by S-mod c (Z^) the corresponding category of twisted D-modules. 

Let us denote by 'j~ the open embedding Z% Z n . For J e Whit^j we can consider 
'p - ^'^?) as an object of D-mod c (Z^); this is due to the identification of the line bundles 
7— » and 7— a over Bun^_. We will deduce Theorem 14 . 1 1 1 from the next assertion: 

Bun B _ Bun fl _ a 

Theorem 7.3. Assume that c is irrational. Then for 5F € Whit^, ifte object 'p _, ' i ''(5') is c/eara 
wzf/i respect to i.e., the map 

'jYdp-^m^'j- cp-*-(5)) 

is an isomorphism in D-modf (Z^) (%i particular, the LHS is well-defined). 

7.4. Proof of Theorem 14.111 The basic observation is that the map 7^ is proper. Indeed, 
Z^ is a closed sub-scheme of the corresponding relative (i.e., Beilinson-Drinfeld) version of the 
affinc Grassmannian over X&. 
Hence, it remains to notice that 

4('p-^(J)) -Tff ('jri'p-'^im and 7rf('p-^.-(5)) ~7f£ ('^(V*'^))) • 

□ 
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7.5. The rest of this section is devoted to the proof of Theorem l7.3l First, we will establish a 
cleanness- type result purely on Bun^- . 

Let J"* gt 'g denote the ratio of the two line bundles Bun^- 



Bun' Bun B - V Bun B 



We note that the restriction of this line bundle to the open part Bun^_ is canonically 

trivial. (In fact, in |BFG| . Theorem 11.6 it was shown that, after passing from Bun^- to its 
normalization, the inverse of the corresponding section of y ratl ° is regular and its locus of 



zeroes is Bun B _ — Bun^_.) 

We introduce D-mod™ tM ' c (BWB - ) as the corresponding category of twisted D-modules on 
Bun^- . 

For a given c let Constg un ^ denote canonical "constant" object of the category 

B- 

S)-mod ra * i0 ' c (Bm4_) ~ 33-mod(Bun|_). 
Our main technical tool is the following: 

Theorem 7.6. Fore irrational, the object Constg un A G £)-mocT * lo ' c (Bun^_ ) is clean with 

b- 

respect to j~ , i.e., the maps 

jr(Const^ unA ) -^(Const^* ) ->• j~ (Const^ ) 



are isomorphisms in r S)-moa wa IO ' c (Bun B _). 

7.7. Proof of Theorem 17.61 We will only sketch the proof, as it follows very closely the IC 
sheaf computation in [FFKMj or [BFGMj . Sect. 5. 

We will work with all connected components Bun B - , so jj will be dropped from the notation. 
We represent Bun^- as a union of open sub-stacks -"Bun^- , where the latter classifies the data 
{■5g,$t, i K ~' X )}, where the length of the quotient X(^t)/ Im(K~' A ) is < (A, v). Let =I/ Bun B - 
be the closed sub-stack of - ,y Bun B - , when the length of the above quotient is exactly (A, v). 

We have 

Bun B - — Bun s - = - "Bun B -. 



seAp° s -o 



We will argue by induction and assume that the assertion of the theorem is valid over Bun B 
for all v' with \v'\ < \i>\. 



Let Z ' v be the corresponding Zastava space, i.e., an open subset of Bun^ x Bun B -. Let 

Buiig 

J™"? be the pull-back of Tl^ig under the natural projection. We let S-mod ratlo ' c (2r 
denote the corresponding category of twisted D-modulcs. 



Let Z~ ,v <^-» Z~' v be the open sub-scheme equal to the pre-image of Bun B - <^-> Bun B -. 
One shows as in |BFGM| . Sect. 3, that the problem of extension of the twisted D- module 
Constg un from Bun B - to -^Bun^- is equivalent to that of extension of the corresponding 

o 

twisted D-module Consto from Z~' v to Z~' u . 
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Consider the projection tt ' v : Z > v — > X v . Since the pull-back of Tbuii g to Buiiat is 
canonically trivial, we have an identification of line bundles 

where CPx e is the canonical line bundle over X v defined as in Sect. 13.21 In particular, we have 
a well-defined direct image functors 

: D(D-mod ra4io ' c (Z-' i> )) -» D(!D-mod ro * io ' c (X*)). 

As in [BFGMj . Sect. 2.2., the map ir~' v admits a canonical section, denoted s _:l/ , compatible 
with the above identification of line bundles. The image of s~ ,v is the locus ~ v %~' v equal to 
the pre-image of = "Buiib- C Bun^-. 

By the induction hypothesis, the cleanness assertion for Const % with respect to 'j~ holds 

away from the image of the section s~ v . Hence, to prove the theorem, it suffices to show that 

(s~'") ! °('.r)'*(Const c ) = 0. 

However, since the morphism ix~ ,v is affine and there exists a G m -action along its fibers that 

contracts Z,~' u onto the image of s~' u , with Consto being equivariant, we have: 

Z-./s 

{s--*)' o ('j-) u (Const C o J ~ (tt, - '*) o (V),,(Const c _ J := K -1 *. 

Again, by the induction hypothesis and factorization, K - '" vanishes away from the main 
diagonal X C Moreover, by the defining property of the Goresky-MacPherson extension, 
K" lives in the cohomological degrees > 0. 

Hence, it suffices to see that its *-fiber at every point x £ X lives in the cohomological 
degrees < 0. By base change and the the induction hypothesis, the fiber in question is given by 

# c (S nS-*,Const c o _ c ). 

As in the proof of Proposition 14. 101 the complex of D-modules Consto is isomorphic to 

the pull-back of ^(c) by means of the function 7° ,!/ , cohomologically shifted by [2\i>\]. 

Since dim(S' n = \v\, non-zero cohomology can only exist in degrees < (and from 

the above we already know that it vanishes for degrees strictly less than 0). Hence, it suffices to 
show that the above cohomology vanishes in degree 0. The latter happens if and only if the lisse 
D-module, obtained by restricting 7°' l/ *(5'(c))[2|j>|] to a smooth open part of every irreducible 
component of S° n S , ~'", is non-constant. 

However, from Lemma 15.51 we know that the D-module in question is equivariant with 
respect to the T(O a; )-action on the scheme S° Pi S~' v against the character sheaf \&(c ■ v), where 
v G A is (y, -)kUi an d c ■ v £ Z unless v = 0, since c is irrational. 

□ 

7.8. We shall now show how to deduce Theorem 17.31 from Theorem 17.61 We will use the 
following assertion, which can be proved by the same argument as [BGj . Sect. 5.3: 

Proposition 7.9. For every open sub-stack of finite type U C Bung and v, fi 6 A pos there exists 

p! € A with ft > jj! , such that the twisted D-module j~ (Const^ unA / ), restricted to -"Bun^- is 

. . b- 

ULA with respect to the map p over U. 

"^See IBG| . Sect. 5.1, for a review of the ULA property. 
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Given an object £ Whit°, let A = (Ai, A n ) be the bound on the order of the poles of 
the maps k x contained in the support of £F in 2U„. 

Consider now the support of '3*('p~'^''{3 f )) on Z^; denote it by Y; this is a stack of finite 
type. The image of Y in 2U„ is contained in an open sub-stack -^22J„ <^ of 2U n where the 
total amount of zeroes of the maps n x does not exceed fj. The image of -^2U„ <^ in Bun G 
under p is contained in an open sub-stack of finite type that we will denote by U. Similarly, 
the image of Y in Bun^_ is contained in -"Bun^_ for some v. 

Let us take (j! with fb > p! given by Proposition 17.91 for the above U and v. Consider the 
open sub-scheme U Z^ of equal to the pre-image of U under the forgetful map Z% — > Bung. 
We claim that it it sufficient to show that the cleanness statement holds over U Z^ . 

Indeed, by factorization (i.e., (|7.1|) ) we can complement any given point of by points in 

o 

with /2 — fi! = S jlk, and yk being away from the support of the divisor equal to the 

image of our point under 7f M , to get a point of Z n . The image of this new point in 2U„ will still 
be contained in - f, W n and hence its image in Bun<3 will be contained in U. 



Let us note that the line bundle 'p*(T£ ., )® 1 over Z n is the tensor product 

Bun „ „ 



D UI1, 



Hence, for 3" e £> c -mod(*2U„) and J" £ D-mod(Buns- ) ratio - c it makes sense to consider 



J' B 1" £ L>(£-mod c (2^ )). 

Buiig 

Now, the assertion of Theorem 17.31 follows from the following general statement: 

o 

7.10. Let y be a smooth scheme (or stack), / : — ► y a map, and j : V' <^-> V and open 

o 

sub-stack. Let J £ £)(D-mod(y')) be an object which is clean with respect to j, i.e., such that 

is an isomorphism. 

Let now Z — > y be a map and let L be an object of D(1)-mod(Z)). Set 

Z' := Z x V' and Z' := Z x y', 

O 

and let / be the corresponding open embedding Z 7 Z 7 . 

o 

Lemma 7.11. Assume that j*(3^) is ULA with respect to f. Then L IE J £ D(D-mod(Z f )) is 
clean with respect to f, i.e., 



tf(£BI90->jt(£,KI3) 



is an isomorphism. 
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8. Equivalence 

8.1. In this section we shall prove Theorem 13. Ill Thus, we have to construct a functor 

G„ : Whit" -> FS^; 

show that its image belongs to FS°, and prove that the above functor is an equivalence. 

The first step has been essentially carried out already: for 6 Whit^j , we set 

G n (?T := nUCp-'^C?)) G £-mod c (X£). 

These D-modules satisfy the required factorization property by Corollary 14.151 and Theo- 
rem SjTBl The functor G is exact by Proposition [4101 

8.2. Let us fix (distinct) points x :— (x±, x n ), and consider the corresponding functor 

G*:Whit|-FS^ 

We will first prove: 

Theorem 8.3. The functor G^ has its image in FS§- and induces an equivalence with the latter 
sub-category. 

Proof. By Proposition 12.81 and Theorem 16. 2i we obtain that G^ does indeed send Whit^ to FS^, 
is faithful, and defines a bijection on the level of irreducible objects. 

Thus, applying Theorem 13. 9( b) . we obtain that the assertion of Theorem 18.31 reduces to the 
statement that the category Whit^ (with c irrational) is semi-simple. By Lemma 12.71 there 
are no non-trivial self-extensions of 3L? ,. Hence, semi-simplicity of Whit^ is equivalent to the 
next statement: 

Proposition 8.4. For c irrational and any A 6 A + , the maps 

a;, A,! a;, A,!* x,A,* 

are isomorphisms. 

□ 

8.5. Proof of Proposition [8751 For simplicity we shall assume that n = 1, i.e., x = {x} and 
A = {A}. The proof in the general case is the same. 

Let J' be the kernel of the map 3 r x x , — > 3 r x x ^. It is sufficient to show that Gx(3 r/ ) = 0. For 
fi G A, consider the corresponding short exact sequence: 

(8.1) o - tt£ o 'p-A-(j') _ n P o ' P -i:r,, A ,: -> o ' p •"-::r i ... v: . = - o. 

As in Sect. 16.71 we will argue by induction on |A — fi\ that 7r» o l p^^''(3 rl ) = 0. The base 
of the induction fi = A trivially holds. The induction hypothesis and factorization imply that 
7T* o 'p - ^' (£P) is supported at the point ji - x € X^ <x . 

Let denote the embedding of this point into It is sufficient to show that the 0-th 

x o jt a:,<A 

cohomology of (i£') ! ^7r$? o 'p - '' 1 ' ^')! vanishes. 

However, by Theorem I3.9f b). the short exact sequence (|8.1[) is split. So, it is sufficient to 
show that the 0-th cohomology of (i^)' (^tt^ a 'p~'' i ''(3 : x x i)J vanishes. But the latter calculation 
has been performed in Sect. 16.81 

□ 
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8.6. We are now ready to show that the functor G„ maps Whit^j to FS^j. 

Recall the categories FSo C FSo, (see Sect. I3.5P . Let Whit? be the corresponding Whittaker 

n n n 

o 

category over X n . We have a functor 

Go : Whit? ^FS C : 

n n n 

The following results from Theorem I3.9f b) and and Theorem 18.31 
Lemma 8.7. 

(a) Every object of Whit 1 is isomorphic to a direct sum ©iFo ® M(A), where Jo j |s is a 

o — o 

relative (over X n ) version o/JLji ( o/nd M(A) is a D-module on X n . 

(b) Every object of FSo is isomorphic to a direct sum ®^ lo T ]lt ® M(A), where Ho-*-^ * s a 

n I ' v 

o — o 

relative (over X n ) version of and M(A) is a D-module on X n . 

(c) The functor induces an equivalence 

(8.2) Whit? ~ FS C . 

n n 

For any partition n: n = m + ... + rik we have the mutually adjoint functors 
(Att) ! , (A w )« : D+(WMl£) <=> D+(WhitS), 

which are intertwined by means of G with the corresponding functors 

k 

The commutative diagrams 

Whit^ D+ (WhitS ) 

FS£ -^1* £> + (FSS) 
and (|8.2|) imply that G„ indeed sends Whit^ to FS° , as required. 

8.8. Finally let us show that G„ is an equivalence. 

Let Whit^,j aff( - n ) C Whit^j and FS c Diag ^ C FS^j be the subcategories of objects, consisting 
of twisted D-modules that supported over the diagonal divisor X Diag ( n > C X n . By induction 
on n we can assume that G„ induces an equivalence 

(8-3) ^Diag(n) ■ ^^Diag(n) — ^Diag(n) ■ 

Let iDiag(n) denote the morphism X Dlag ^ — > X n . It induces the functors 

(iDiag(n))* : Wnit Dia 5 (n) ~* Wnit n and ^Diag(n) ~> FS n> 

which are intertwined by G. The same is true for the functors 

U p °' es )* ■ Whit c -» Whit£ and FS C Q -> FS£ . 



12 Here again -D(-) is understood as the derived category of the abelian category, but it is easy to see that 
the above functors induce the usual functors on the level of underlying twisted D-modules. 
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Hence, in order to prove the theorem, it suffices to show the following: for every 3~ G Whito 
there exists an inverse family of objects 3^ £ Whito with (j poles )*(3 r i) ~ 3*, such that for any 
3"' £ Whit£, iaff / n ) the direct limits 

(8.4) ZzmExtwhit- (* 

)*(3"')) and UmExt FS c (G n (3^) , G„ ((i 

vanish for k = 0, 1. Note that in both cases, the corresponding Horn and Ext 1 can be computed 
inside the ambient category of D-modules. 

Consider the pro-object in the category of D-modules on 2U„, given by (j p s )\(3 f ). It is 
easy to see that it can be represented as the limit of an inverse family of objects from Whito . 
We take 3*i to be this family. 

With this choice, the vanishing of the first limit in (|8.4[) is automatic. The vanishing of the 
second limit follows from Theorem 14.111 and the (tt^,tt' 1 ') adjunction. 
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